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1 Introduction
Compactness of fuzzy sets attracts many authors’ attention. The readers may
see Ref. [1–4,6,8,10] for some details. In this paper, we consider the character-
izations of precompact sets in fuzzy star-shaped number space with Lp-metric.
2 Preliminaries
In this section, we introduce some basic notations and results. For details, we
refer the readers to references [1, 9].
Let N be the set of all natural numbers, Rm be m-dimensional Euclidean
space, K(Rm) be the set of all nonempty compact set in Rm, and C(Rm) be
the set of all nonempty closed set in Rm. The well-known Hausdorff metric H
on C(Rm) is defined by:
H(U, V ) = max{H∗(U, V ), H∗(V, U)}
for arbitrary U, V ∈ K(Rm), where
H∗(U, V ) = sup
u∈U
d (u, V ) = sup
u∈U
inf
v∈V
d (u, v).
A set K ∈ K(Rm) is said to be star-shaped relative to a point x ∈ K if for
each y ∈ K, the line xy joining x to y is contained in K. The kernel ker K
of K is the set of all points x ∈ K such that xy ⊂ K for each y ∈ K. The
symbol KS(Rm) is used to denote all the star-shaped sets in Rm.
Email address: hhuangjy@126.com .
Preprint submitted to Elsevier
KC(Rm) is used to denote all the nonempty compact and convex sets in Rm.
Obviously, KC(Rm) & KS(Rm).
We use F (Rm) to represent all fuzzy subsets on Rm, i.e. functions from Rm to
[0, 1]. For u ∈ F (Rm), let [u]α denote the α-cut of u, i.e.
[u]α =

{x ∈ R
m : u(x) ≥ α}, α ∈ (0, 1],
supp u = {x ∈ Rm : u(x) > 0}, α = 0.
For u ∈ F (Rm), we suppose that
(i) u is normal: there exists at least one x0 ∈ Rm with u(x0) = 1;
(ii) u is upper semi-continuous;
(iii) u is fuzzy convex: u(λx+ (1− λ)y) ≥ min{u(x), u(y)} for x, y ∈ Rm and
λ ∈ [0, 1];
(iv) [u]λ is a star-shaped set for all λ ∈ (0, 1].
(v) [u]0 is a compact set in Rm.
(vi)
(∫
1
0
H([u]α, {0})
p dα
)1/p
< +∞, where p ≥ 1 and 0 denotes the origin of
Rm.
• If u satisfies (i), (ii), (iii) and (v), then we say u is a fuzzy number. The set
of all fuzzy numbers is denoted by Em.
• If u satisfies (i), (ii), (iv) and (v), then we say u is a fuzzy star-shaped
number. The set of all fuzzy star-shaped numbers is denoted by Sm.
Clearly, Em ( Sm. Diamond [1] introduced the dp distance (1 ≤ p < ∞) on
Sm which are defined by
dp (u, v) =
(∫
1
0
H([u]α, [v]α)
p dα
)1/p
, (1)
for all u, v ∈ Sm. They pointed out that dp is a metric on S
m.
Wu and Zhao [10] considered the compactness criteria of Em and Sm with dp
metric.
If we relax assumption (v) a little to obtain assumption (vi), then we obtain the
following Lp–type noncompact fuzzy numbers or fuzzy star-shaped numbers.
Definition 2.1 If u ∈ F (Rm) satisfies (i), (ii), (iii) and (vi), then we say u
is a Lp-type non-compact fuzzy number. The set of all such fuzzy numbers
is denoted by E˜m,p. If there is no confusion, we also denote it by E˜m for
simplicity.
If u ∈ F (Rm) satisfies (i), (ii), (iv) and (vi) then we say u is a Lp-type non-
compact fuzzy star-shaped number. The set of all such fuzzy star-shaped num-
bers is denoted by S˜m,p. If there is no confusion, we also denote it by S˜m for
2
writing convenience.
Clearly, Em & E˜m,p , Sm & S˜m,p and E˜m,p & S˜m,p.
It’s easy to check that the dp distance, p ≥ 1, (see (1)) is also a metric on
S˜m,p.
3 The characterization of precompact sets in (S˜m,p, dp)
Definition 3.1 [6] A set U ⊂ S˜m,p is said to be uniformly p-mean bounded
if there is a constant M > 0 such that dp(u, 0) ≤M for all u ∈ U .
We can see that U is uniformly p-mean bounded is equivalent to U is a bounded
set in (S˜m,p, dp).
Definition 3.2 [1] Let u ∈ S˜m,p. If for given ε > 0, there is a δ(u, ε) > 0
such that for all 0 ≤ h < δ
(∫
1
h
H([u]α, [u]α−h)
p dα
)1/p
< ε,
where 1 ≤ p < +∞, then we say u is p-mean left-continuous.
Suppose that U is a nonempty set in S˜m,p. If the above inequality holds uni-
formly for all u ∈ U , then we say U is p-mean equi-left-continuous.
Theorem 3.1 U is a precompact set in (S˜m,p, dp) if and only if
(i) U is uniformly p-mean bounded.
(ii) U is p-mean equi-left-continuous.
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